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Preface

These notes accompany a sequel to my earlier study of stochastic processes, and grow
out of the course on Stochastic Analysis taught by Prof. Jieliang HONG at SUSTech.
After completing my exchange semester at SUSTech in 2025 Fall, I returned to my home
institution. Yet each Wednesday I still travel to Shenzhen to sit in the lectures as an
auditing student, and only later, often with some delay, rewrite the blackboard arguments
into a form that can be revisited, tested, and refined.

If my first notebook began as a struggle to keep pace with martingales, Markov struc-
ture, and Brownian motion, this one begins at the point where the continuum becomes
genuinely unforgiving: the moment we try to integrate with respect to a path of infinite
variation. Stochastic analysis, to me, is the discipline of rebuilding real analysis under
randomness, first by learning exactly why the Riemann-Stieltjes intuition fails for Brow-
nian motion, and then by replacing it with Ito integration, quadratic variation, and the
semimartingale viewpoint.

This is the mathematical backbone behind modern financial mathematics: the insistence
that “fair” price dynamics should behave like martingales, and trading strategies should
be modeled by predictable integrands whose stochastic integrals preserve that structure.
The primary references for this notebook are the classic texts of Karatzas Shreve and
Rogers Williams. I will follow their standards of rigor while keeping the narrative as
close as possible to what I found most helpful when learning.

Finally, I am grateful to Prof. HONG for a lecture style that makes difficult concepts
feel approachable without sacrificing precision. Any errors, omissions, or infelicities in
exposition are entirely my own. To the reader who is also returning to these topics after
feeling overwhelmed the first time: may these notes offer a steadier path into Ito calculus,
and a reminder that the beauty of stochastic analysis lies not merely in its abstraction,
but in its ability to turn uncertainty into structure.
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0 Motivation

To initiate, recall the Riemann-Stieltjes Integral:

Definition 0.1. If f is continuous and g is of finite variation, then:

[ gt

is well defined to be, with a < xy <21 < --- <z, < b and & € [z;, 11

nh_)Holo Z f(&) (g(wiv1) — g(w3))

, and known as Riemann-Stieltjes Integral.

Then the main goal of stochastic analysis is to re-walk through the real analysis by
rigorously defining the Ito Integral even for stochastic processes:

t
(H - X), = / H.dX,
0
The original rule for Riemann-Stieltjes fails if we choose integrator to be Brownian motion.

Theorem 0.1. For a standard brownian motion, B = {B;,t > 0}:

qe 9

3 (BL _ B@> LN
2n 277.

k=1

Proof. On dyadic partition, for each fixed n, define, V1 < k < 2™

on on
n 2 ) 2
A](c ) = Bk/Qn — B(k,l)/gn — Qn = Z (Bk/2n — B(k,l)/gn) = Z <A](€ )>
k=1 k=1
Since B is a SBM, the random variables A", ... A are independent and

A L N(0,27") = E (A,@)Q =g

Therefore, the expectation of @,,:

on

2
EQ. =) E (A,(f)) =2".27"=1

k=1

Besides, by simple manipulation, the variance is given by, using independence:

on
Var(Q,)=E(Q, — 1) = Zvar [(A'(“n)Y} _on.9.9=m _9l-n __,
k=1



Now fix € > 0, by Chebyshev’s inequality,

I e D NI IEE R SR
n=1 n=1
By the Borel-Cantelli lemma,
P(IQ, — 1] > ei0.) =0.
Since this holds for every ¢ = 1/m, m € N, we conclude that
Q, —1 a.s.
This completes the proof. O

Using above easy-to-prove theorem, we first to be precise about finite variation:

Definition 0.2. The Finite Variation of a funtion g : [a, b] — R is defined to be:

Villat) = [ ldg(o)] =sup 3 lg(ain) - g(z:)

Now, we could justify that brownian motion fails in having infinite variation:

Corollary 0.2.
VB([0,1]) = o0, a.s.

Proof. Firstly, we notice the following inequality:

on on
2
Z(BL_B@> < sup |Bx —Bi 'Z‘BL_B@
— - 1<k<zn b2 ot -
< Ve([0,1]) - sup [Bx — Bb‘
1<k<on | 2" 2n

Then if Vg([0,1]) < 0o, then by continuity of B, we have:

271

2
> (By ~Bia) —0
k=1 ’

, which is a contradiction, so Vg([0,1]) = oo with probability 1. O

However, Ito found that, if we put some restriction on integrand and integrator, such as:

H, = previsible/ predictable t .
= (H-X), = / H,dX; is well defined.
0

X = semimartingale



Example 0.1. Let H, € F,,_1, and M = {M,,n € N} be a martingale, then:

(H-M), = zn: Hy, (My, — My_y)
k=1

is a martingale, which is known as discrete martingale transformation.

Besides rigorously defining the integral for general case, we also want the result inte-
gration keeps some desirable property, like martingale, this intuition comes from the
financial application, where if the integral can’t keep martingale, we could replicate an
arbitrage portfolio. Then next section is to introduce some toolkits and also know the
definition of predictable, semimartingale.

1 Preliminary

Given a probability space (€2, F,P), a stochastic process X = {X;,t > 0} is a collection
of r.v.s taking values in (R, B(R?)) formally, it is a measurable function:

X (t,w) — Xi(w)
[0,00) x Q +— R?

1.1 Sample Paths

Now if we fix w, then the function:
t— Xt ((JJ)
is called a sample path. Based on this concept, we could provide some useful definitions:

Definition 1.1. For two stochastic processes X and Y, we say Y is a modification
of XifVt>0,P(X;=Y) =1

Remark 1.1. To be more precise, P{w : Xi(w) =Y (w)}) =1

Most of time, modification is enough for us to inherit some property like continuity, but
in order for the smoothness of knowledge and to get better understanding, we present a
"slightly” stronger concept:

Definition 1.2. We say X and Y are indistinguishable if

P(X,=Y;,Vt>0)=1

Then Y is a version of X.

The reason why we say it is a slightly stronger version, is that due to the countable
addivity, we could guarantee all the rational points to be the same, and if we have the
”continuity” of the sample path we could approximate other points by rational points,
then achieve indistinguishable, as following example gives:



Example 1.1. Let Y be a modification of X and suppose X and Y both have a.s.
right continuous sample paths, then X and Y are indistinguishable.

Definition 1.3. A function f is right-continuous if:

fx) = f&¥) =lim f(t)

Al

Proof. Since V¢ > 0, P(X; # Y;) = 0, then we get:

Pl U X #2Y | <D POG#AY) =0 = P| [ X, =Y, | =1

qeQt qeQt qeQt

For two right-continuous functions f, g if:

fl@)=9(q),Vqe Q" = f(t)=g(t),Vt>0

Therefore, using this result from measure theory, we land in:

P(Xt—Yt,VtEO)—P<ﬂXt—Yt> =1

t>0

Hence, we completed the proof. O
Please notice from above example 1.1 that we restrict to a.s. right-continuous sample
path, so that we could land in approximation, but the following opposite example shows

us the difference of modification and indistinguishable process.

Example 1.2. Let T' ~ Exp(1), define X; =0,V ¢ > 0, and another one:

o, t#£T
TN, t=T

Then we know:
Vi>0,P(X; #Y)=PY,=1)=Pt=T)=0

so X is a modification of Y but not a version of, which you should verify.




1.2 Filtration

After talking about process, as processes go the information also increases, then to model
this intuitive behavior, we introduce filtration: Let {F;,t > 0} be a filtration of (2, F)

such that V0 < s < t < o0:
FsC R CF

Typically, we just adapt to the so called natural filtration:

Example 1.3. Let X = {X;,¢ > 0} be a stochastic process, define:
FX=0(X,,0<s5<1t)

, then {F ¢t > 0} is a filtration.

From definition we could see, natural filtration is the minimum filtration that contains
the information of the corresponding process, and also the adaptivity, i.e. X; € F¥.

Example 1.4. Let X be a process, every sample paths of which is RCLL, let:
A ={w: X(w) is continuous on [0, %)}
for some fixed to > 0, then A € F\.

Definition 1.4. The sample path of a process is RCLL if its sample path is
Right-Continuous with Left Limit, i.e.:

Proof. Since we already have right continuous, then what remain is show it meets
with left limit:

A={w:V¥s € (0,t), X (w) = Xs(w)}
Similar trick, to rewrite event A into ”rational number version”:
A={w:Vqe (0,t)NQ, X, (w) = X,(w)}

It boils down into countable cases, to numerate (0,%) N Q = {gmn, m > 1}:

Xy s 6) = X < 1}

A:{w:qu,szl,ElNZLVnzN,

oo 0 o X

=N AU N s =Xe)] <1}

m=1 k=1 N=1n=N

Notice each {‘qu_;(w) — qu(aJ)‘ < %} € FYX, then A e FYX. u

n

Notice that example 1.4 requires every sample path to be RCLL, but if we lessen a little
bit, even into a.s. RCLL, the conclusion may fail as following example suggests:



Example 1.5. Let X be a process whose sample paths are RCLL a.s., with all
the same setup as example 1.4, then it is possible that A ¢ ﬂf .

Proof. WLOG, let ty = 1, and U be a non-measurable r,v. such that:

Define our X by:

By our construction, we know that:

A ={w: X(w) is continuous on [0,ty)} = Q/{U = 1}

,s0 if {U =1} ¢ F, then A ¢ F. O
From example 1.5, we see the key of the proof is to construct a zero-measure set such
that it is not in our natural filtration, which is too tricky and hopefully be forbidden,

then it gives us the motivation to consider broader class of filtration:

Definition 1.5. A filtration {F;,t > 0} is said to satisfy the usual condition if:

(a) Right-continuous: F; = Fy = ),., Fs.

(b) Fo contains all the P-negligible set in F.

To complete the gap, we further provide the definitions of two:
Definition 1.6. An event A is P-negligible if 3 N € F,s.t. AC N,P(N) =0.

Another one is "left /right limit” of filtration:

Definition 1.7. We say a filtration is right-continuous if 7, = F,., where:

For=(FFr-=0 (UE)

s>t s<t

After introducing information flow, we need to relate it with process:

Definition 1.8. The stochastic process X is adapted to the filtration {F;,t > 0}
ifVt >0, X; € F. Clearly, X is adapted to the natural filtration.

Adaptivity is too loose, and impedes understanding, thus we consider progressively measurable.

Definition 1.9. The stochastic process X is called progressively measurable




w.r.t {F,t >0} if V¢ > 0, the map following is measurable.

(s,w) = Xs(w) : ([0, x Q,B([0,1]) ® F) — (R?, B(R))
Remark 1.2. To compare, adaptivity is to require measurability to:

(s,w) = Xs(w) : ([0,¢] x Q,B([0,t]) @ F) — (Rd,B(Rd))

Intuitively speaking, progressively measurable is to require the information is ”strictly”

enough at this each time, to see the relations:
adapted O progressively measurable O previsible

Most of cases, we don’t differentiate them, since it is really close as below example shows:

Example 1.6. If X is adapted to filtration {F;,¢ > 0} and every sample path is
right-continuous (same for left-continuous), then X is also progressively measurable.

Proof. Since right continuity, V¢ > 0,Vn > 1,V0 < k < 2" — 1, we construct:

, then lim X" (w) = Xs(w) for all (s,w) € [0,t] x 2. Recall that limit perserve
n— o0

our measurability, then it suffices to prove:
(5,0) = XP(w) : ((0,4] x 2, B0, ) ® Fy) > (RY, BRY)
is measurable, however, this is clearly true since, V A € B(R%):

{(s,w) : XM (w) € A} = 261 <2£nt, k;lt} X {X%t € A} € B([0,t]) ® F

Therefore, we completed the proof. O

1.3 Stopping Times

Stopping times are really important subject of interest, since we already known that
original brownian motion has infinite variation, but if we use stopping times to replace
the original time, then to construct local martingale, which can be used as integrator.




Definition 1.10. A random time 7' is a stopping time of {F;,t > 0} if V¢ > 0,
{T <t} € F, another one is optional time if V¢ > 0, {T <t} € F.

Intuitively speaking, stopping time is a r.v. such that its property can be checked at each
time (i.e. the information ({7 < t}) of it contains within time ¢ (F;)), and optional time
is by time ¢ but not included. However, they don’t have too much difference as below
proposition suggests:

Proposition 1.1. If T is a stopping time, then also a optional time. Conversely,
if the filtration is right-continuous, then stopping time is same as optional time.

Proof. First one is easy to see, we focus on latter equivalence statement:
= The forward direction is simple, as we notice below:

{T<t}:G{T§t—%}

n=1
;aseach {T'<t—1/n} € Fi_y)p C F, then {T <t} € F,.

<= For backward direction, it is non-trival, V. m > 1:

[e.e]

{T<ty=) {T<t+%}

;as each {T'<t+1/n} € Fipim C Figrym, then {T <t} € Fipq/m.
Lastly, we finished the proof by the arbitrariness of m, then {T' <t} € F, —F,. m
Next, after we defined the stopping time, let us see some properties:
Proposition 1.2. If T and S are stopping times, then:

TAS, TVS, T+8

are all stopping times.

Proof. The first two are easy once we seperate the event properly:

(1) For T'A S, we could consider as below:
{Tas<ty={T<t}| J{S<t}er

,as T, S are stopping times, then {T" < ¢}, {S <t} € F,.

(2) For T'Vv S, we do the similar seperation, {T'V S <t} ={T <t} ({5 < t}.

10



(3) T+ S is tricky, where we should transfer using closure under complement:
{T+S<tyeFi={T+S5>t}eF
After we do this transformation, we could seperate this by:
(T+S >t} ={T=0,8>t}| fS =0T >t}| fT >t,5 >0} Jo< T <, T+5 > t}
For the first one, it is easy to see:
{T=0,8>t}={T=0}( {S>t} ={T=0}({S<t}°eF

Then using similar method, we could easily check middle two, what remains is:

Lemma.

0<T<t,T+S>ty= | J{r<T<t,5>t—r}

o<r<t

reQt
T+S>t
0 T T+S
(I) r T—fI—S
S+r>t

Proof. of Lemma:

<= Backward direction is easy, as S >t —r >t —T, hence S+ T > t.

= Forward direction relies on the dense of rational number, where since S+7T' > t,
then by dense of rational numbers, 37 € (0,7),s.t. S+1r > t.

Last one can be visualised as above by moving r really close to T'. O
With the lemma above, we could seperate event as before, then complete the proof. [
Lastly, if we have a set of stopping times, then the sup of it is also a stopping time:

Proposition 1.3. If {T,,,n > 1} are s.t., then sup,~, T, is a s.t.

Proof. This proof is simple and straightforward, V ¢ > 0:

{suan < t} = ﬂ{Tn <t} eF
n=1

n>1
Then we complete the proof. O

Since we already have s.t. as a kind of time, it is reasonable to ask its o algebra:

11



Definition 1.11. The stopping o-algebra is:

FTz{Aef:Vtzo,Aﬂ{Tgt}eft}

Intuitively speaking, above definition 1.11 is to say for every event in stopping o algebra,
given the time ¢ we are at, we could know whether it happens or not.

Proposition 1.4. If T' = t,, then Fpr = F,.
Proof. Firstly, we observe that V¢ > 0:

t t
Q, th<t

<= Then we firstly check the backward direction, VA € F,, Vt > 0:

(1) If t > ty, then:

(2) If t < to, then:
AnN{T <t} =Anh=0¢€ F

Therefore, A € Fr as definition states.

— Forward direction is similar, as V A € Fp, and V t > 0, then:

AN{T <t}e F, = A=ANQ=An{ty <t} =AN{T <t} € F4,
Therefore, we completed the proof. O
Besides, we will also be interested into the relationship of a set of s.t.s,

Proposition 1.5. V stopping times T and S,V A € Fg, we have:
AN{S<T} e Fr
In particular, if S < T for all w € ), then:

Fs C Fr

Proof. The key idea is to use the condition that A € Fg, so that:
An{S<tle R
And in order to show, AN{S < T} € Fr, we need Vt >0,
AN{S<T}In{T <t} e R
Notice here, since on {S < T} N{T < t}:

(@) (S<TYN{T <t} ={S<T<t — S<t

12



(b) {S<T}={SAt<TANLt}.
Then, it suffice to show, V t > 0:
(AN{S <thHn{T <t} n{SAt<T At} € F

The first lives in F; followed from the fact that A € Fg, and second comes from the fact
that 7" is a s.t., it remains to show, {SAt < T At} € Fi:

Lemma. Let T and S be two s.t.s, then V't > 0:

{SAt<TAt} e F

Proof. of Lemma
This follows the similar structure of proposition 1.2’s lemma to decompose:

{Sant<Taty= | {SAat<rin{TArt>r}

reQ+n[o,¢]
Using the closure of complement of o-algebra to show its conclusion. O

Therefore, we completed the proof for general situation, and in particular, since S < T
forallw € Q, then {S<T} =Q,80VANQ=A¢€ Fs, A€ Fr = Fs C Fr. ]

To reiterate, the reason why we introduce the stopped time (T'At) is to relate the original
s.t. with ¢, so that we could manipulate on it with relationship pf F;.

Proposition 1.6. Let S and T be two s.t.s, then:
Fsar = Fs N Fr
, and also:

(T < 8Y,{S < T} {T < S},{S <T},{S =T} e FsNFr

Proof. The intuition is clear, for g-algebra for s.t.s which is the smallest of two, is
certainly the intersection of two g-algebra of two s.t.s Let’s prove them in order:

(a) Firstly, consider the inclusion:

—> From proposition 1.5, we have:

= Fgar © FsNFr

SANT <SS . Fsar € Fs
SANT T Fsar € Fr

<= For backward direction, V A € Fs N Fpr, Vt > 0, we need to show:
AN{SAT <t} =ANn{S<t}u{Tr<t}) e FR
, above is easy to show by distribution rule and the fact that A € Fg, Fr:
AN{S <t}u{T <t} =(An{S<tHuAn{T <t}) e F

13



(b) Similarly, from proposition 1.5, we have, V A € Fg, we have:

Choose A=)

AN{S<T}eFr = {S<T}eFr = {S<T}={S>T} e Fr

It remains to show, {S < T'} € Fr, since others can be shown by interchanging the
place of them, which we will see it later, here notice that, in order to introduce the
relations of S and T', we construct a stopped s.t. by defining R := S AT, then:

{S<T}={R<T} ReFrC Fr = {S<T}={R<T}eFr
Lastly, we use the power of interchanging the orders,
{T < S} AT > S}H{S>T} e Fs
, so that other parts can all be expressed by their complements:
(i) For {S <T} € Fr, weuse {S>T} e Fg:
{S<T}={S>T}eFs = {S<T}eFsNFr
(ii) For {S < T} € Fr, we use {T' < S} € Fs:
{S<T}={T>S}eFs = {S<T}eFsNFr
(iii) Lastly, for {T'= S}, we use (i) and (ii) {S > T} ={S < T} € Fs N Fr:
{S=T}={S<T}N{S>T} e FsN Fr
Then we completed the proof. O
Remark 1.3. A short summary of the properties for s.t.s:
(1) Fors.t. T, T € Fr,ie. Vt>0,{T <t} € Fr.
(2) For two s.t.s, S and T, if S < T, then Fg C Fr.
(3)
(4) For two s.t.s S and T, then Fsar = Fs N Fr.

For s.t. T, and V¢ > 0, then T At € Fpp C F;.

Lastly, we need to justify its validity of changing time with s.t.:

Theorem 1.7. Let X = {X;,t > 0} be a progressively measurable process, and T
be a s.t., then X defined on {T < +o0} is Fr-measurable. And the stopped process
{X1nt,t > 0} is also progressively measurable.

Proof. The two statements is equivalent, since if we want to show, Xt defined on {T" <
+o0} is Fr-measurable, then it is equal to show, V¢ > 0, and V B € B(R?):

{XreB}nN{T<t}e Fi—= {Xrn€B}N{T <t} e F
Then it remains to show, Xr,; € F;, by observing:

(s,w) — (T(w) A s,w)

14



is B([0,t]) ® Fi-measurable, and since the process is progressively measurable:
(s,w) = Xs(w)
is B([0,t]) ® Fi-measurable, then by composition rule:
(5,w) = (T'(w) A s,w) = (Xp@ns: W)
is also B([0,t]) ® F;-measurable, then we completed the proof. O

Remark 1.4. To remind, we interpret the stochastic process replaced time with s.t. (or
random time), by following composite functions and figure:

w= (T(w),w) = Xpe)(w)

1.4 Continuous-time Martingale

Martingale sits at an important role of this course, and also stochastic process, for this ses-
sion, we mainly focus on how to transfer the classical discrete time martingale properties
(where most of reader should learn from classical stochastic process like Rick. Durrett’s
book) to continuous time version, and most powerful tool for proving convergence.

Definition 1.12. A martingale is an adapted stochastic process X = {X;,t > 0}
such that:

(a) Vt>0,E|X;| < o0.
(b) VE>s>0,E(X: | Fs) = X

Remark 1.5. A simple extension to sub/super-martingale:
(1) If definition 1.12’s (b) change to:
E(X, | Fs) > X
, then it is called submartingale.
(2) If definition 1.12’s (b) change to:
E(X: | Fs) <X,
, then it is called supermartingale.

Following we presents some important theorem some of them without proof:

15



Theorem 1.8. Let ¢ : R — R be a convex (concave up) function, if X = {X;,t >
0} is a martingale, then p(X) = {p(Xy),t > 0} is a submartingale.

Proof. By Jensen’s inequality:
[EXy| SE|X)| = [E(X: | Fo)l SE(IX:] | Fo)
Hence, by assuming integrability and adaptivity, it remains:
E(p(Xe) | Fo) =2 @ (BE(Xe | Fo)) = (Xo)
Then we completed the proof. O

Remark 1.6. Some common convex function we used are, where p > 1.
| X4l tha (Xt)+ = max(X;,0), [ X

Next important theorem is continuous-time Doob’s upcrossing inequality:

Tb(l) Tb(Q) Tb(3)

A

0
N
i

/
7\
/

E

T

Ta(l) T(§2) Ta(3)

&+ b

As the figure shows, we could denote the i th upcrossings (or downcrossings) time to be
the first time, after the i-1 th downcrossings (or upcrossings), more formally:

T = —o00
+
TW — inf {t > (T;O)> X, < a}
7Y =inf{t>TV: X, > b}
After the initial setup, for V ¢ > 2:

T® — inf {t >TY X, < a}

a

T =inf {t > T . X, > b}
Then we focus on the # of upcrossing in an interval [0, t] for given two bounds (a < b):
UX[0,1] = max{k >0: 170 < n}

Now, we could present our most important theorem about submartingale:

16



Theorem 1.9. (Continuous-time Doob’s Upcrossings Inequality)
Let X = {X;,t > 0} be a right-continuous submartingale, then for all T > 0:

E (XT — CL>+

EUX[0,T] <
ab[>]— b—CL

Proof. The idea is to how to apply the discrete-time Doob’s upcrossing inequality, where
we assume to be known, since we presume all readers have studied basic stochastic process.
Then we could try to discretise the continuous time, for each n > 1, we let:

+1 £2 +
Dn:Z/Q":{O, 5 }

Consider the upcrossings of X on [0,7] N D,,, where:

, is discrete-time submartingale, then as showed as the figure below, we have:

U3 ([0, 71N D,) <UL[0,T]
T}K M\\ |
VARV A ) N

Clearly if we discretise it finer, it will be nondecreasing, then:

U (10, T)N D,) Uz [0, 7]

Therefore, by using discrete-time upcrossing inequality, i.e.

1 1

X < —a)t < Xr—a)"
UX (0,710 Dy) < —E(Xp, —a)* < ——E (X7 —a)

|T-2"
277.

, where T,, := , let n — oo by limiting theory, we finished the proof. m

Just as we said, it is powerful tool to show the convergence for submartingale:
Proposition 1.10. If X = {X;,t > 0} is a right-continuous submartingale, and:

sup EX;" < o0
>0

, then 3 X € L' such that, as t — oo

X =5 X

17



Proof. Here, we ignore the procedure of showing existence, just focus on convergence:

EUZ[0,00) = lim EUZ[0,7]

< lim sup E(X,—a)"
n—00 -

< limsup (EX,F +1al) < o0
n—00 —a

, above is provided by theorem 1.9 and condition, hence:
Ya < b,U3[0,,00) < 00, a.s. = w.p.lVa<beQUZ0 00) < o0
, this is given by the fact that countable additivity of our measure, therefore:

litmiant < a <b<limsup X;
—00

t—o00

does not occur, which is equivalent to say:

liminf X; = limsup X;
t—o0 t—00

, then we completed the proof. n

To connect relations of different convergence modes, we need one more definition:

Definition 1.13. A family of r.v.s {X;,¢ > 0} is uniformly integrable (u.i.) if:

A R L0 =0

Remark 1.7. Using Markov Inequality, if sup,>, E|X;|P < oo, for some p > 1, then X is
u.i.

With uniformly integrable, we could present the following equvalence:

Theorem 1.11. If X,, = X, then the following are equivalent:
(a) X, 25 X.
(b) E[Xa| — E[X].

(c) {Xn,n >0} is u.i

Proof. We omit the proof since it is not our focus. ]

Last important property is last elements, before that we need:

Proposition 1.12. Let Z € L', then following is u.i.
{E(Z | G):G is a sub o-field of F}
Proof. Proof omitted.

18



Remark 1.8. In particular, if we pick G to be filtration, i.e.:
{E(Z[F),t=0}

, is u.i. and also a martingale.
O

With the help of u.i., we could show following relations, (last element), providing conve-
nience in proving Optional Sampling Theorem (OST).

Proposition 1.13. A right-continuous martingale {X;,t > 0} is w.i. iff:
31X €LY, s5t. X; =E(Xeo | F)
Proof. Firstly, we start with the inclusion:
= Firstly, by u.i., we have sup,-, E|X;| < oo, then through proposition 1.10:
3 X, st Xp 25 X
, more important, we know it is L' since:
E| Xl = EtlLI£10|Xt| < Elitrgiogle|Xt| < 0

, where last inequality comes from Fatou’s Lemma, next to prove:

Vt>0,X, =E(Xw | F)
is equivalent, by the definition of conditional expectation, to show V A € F;:
EXi14 =EX 14
Common as usual, we approximate it by sending limit to infinity, for any s > 0:
E(Xus | Ft) =Xy = EXy 1,14 =EXi1,
For limiting validity, we recall that u.i. + a.s. = L:
|[EXi1s1a — EXo1a4] <E[Xpys — Xoo| — 0
Then by sending s — oo we complete the fisrt part of the proof.
<= This direction immediately follows from proposition 1.12.

Then we completed the proof by showing both directions. O

After all the preparation, we commence the OST:

Theorem 1.14. (Optional Sampling Theorem)
Let {X;,t > 0} be a right-continuous martingale, let S < T be two s.t.s suppose:

(a) {X;,t >0} is u.i.
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(b) 3 constant K >0, s.t. S, T < K

, either above two satisfied, then we have:

E(Xr | Fs)=Xs

Proof. In order to use proposition 1.13, we consider:
(a) Then by proposition 1.10, we choose Z = X,
(b) We directly pick the "last element”, i.e. Z = X
In either case, we have: X; = E(Z | F), then it suffices to show:
Xr=E(Z | Fr)
Since provided the above satified, by symmetry, we could interchanged it to S, so that:
Xs=E(Z|Fs)
Hence, by tower rule and proposition 1.5, then:
E(Xr|Fs)=E[E(Z|Fr)| Fs]=E(Z | Fs) = Xs
Now, we could firstly consider the discrete cases:

(1) If T can be decomposed into discrete cases, i.e. T € {t1,t,---}, then V A € Fr:

EX7la=EZ14=) EX, 1r—yy1a

n=1

An{T =t,
Because { L€ A,
E(Z|F,) =X,

= EZlangr—r,y = EZ14
n=1

(2) For general T', we discretise from right (for the sake of right-continuous), then define:

128 T| +1

T, =%

, clearly T}, | T', then V A € Fr C Frp:
E(Z|ka):XTk — EZ].A:EXTklA

Sending the & — oo to see EZ14 = EX114, which is provided by:

Lt
- XTk — Xr

X, L5 Xop by right-continuous
{X7,} is u.i. by proposition 1.12

Hence, we completed the proof, by the help of dicretisation. O

By closing subsections for martingale, we presents some useful inequality:
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Theorem 1.15. (Doob’s Maximal Inequality)
Let X = {X;,t > 0} be a right-continuous submartingale, then ¥ \ > 0:

1

SEX/

P(sup XS>)\)§

0<s<t

. 1
P < inf X, < —)\> < (EX/ —EXo)

0<s<t

Proof. Since two of the statements are similar, we only show first one, V A > 0, define:

T=inf{t>0:X;,>\} = P<sup XS>)\):P(T§t)

0<s<t

, then consider a stopped process, {X;ar,t > 0}, notice that:

AP (Sup XS > )\) = )\P(T S t) = )\El{Tgt} S EXT]-{TSt}
0<s<t
=EXinrlir<y = EXtJ/r\Tl{TSt} < EX;/F\TS EX;F
Hence, we completed proof, by transfering original question to new stopping time. O

The above theorem is to consider the tail probability, and next one is for moment:

Theorem 1.16. Let X = {X;,t > 0} be submartingale, then ¥ p > 1:

p p p
E(sup |Xs|) < (—) E|XP
0<s<t p—1

Proof. Similar to previous inequality, here we need more dedicate tail probability esti-
mation, where we first define Y = sup.,; | X/, then:

AP (Y > \) < E|Xpne| Lir<ty = E[Xoae) — E| Xpne| Lirsny
<E |Xt| —E |Xt| 1{T>t} =E |Xt| —E |Xt| 1{Y</\}: E |Xt| 1{Y2/\}

Then, using basic calculus to expand the moment:

EY? = / PAPIP(Y > A)dA < / PAPZE | X, 1y saydA
0 0

o0 Y
= E|Xt]/ PN 1y d) = E\Xt|/ pAP2dA
0 0
__P 1X,| Yl < p (E |Xt|p)1/p (Ey?)®-1/p
p—1 p—1
The last inequality is due to holder’s inequality, then we arrange terms to get:

(Eyp>1/p < pﬁ - (E |Xt|p)1/p

For unbounded case, we stopped the process by Y A k, and then sending k to inifinity,
hence we could easily completed the proof. O
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1.5 The Doob-Meyer Decomposition

Recall the discretised version of Doob Decomposition:

X, = M, + A,
Submartingale Martingale  Predictable
Increasing

The intuition is simple, from above construction:
E(Mys1 | Fn) =M, = E(Xpp1 —Apir | ) = X0 — 4,
Using the predictability of {A,,n € N}, i.e. A, € F,_1:
E(Xnp1 | Fn) —Api =X+ A, —= A — A =E(Xo | F) = X, 20

Since {X,,n € N} is submartingale, then in general, it is increasing, hence A, is to
capture the additional increasing parts, and martingale can be seen as ”"white noise”, by
iterating, and by default to set Ay = 0, we have:

Ap = [E (Xk+1 \ fk) - Xk]

Hence, this subsection is to delve into such decomposition with continuous setting:

X t — M t + At
~~~ ~~ ~~
Submartingale Martingale  Predictable
Increasing

, where assuming {X;,¢t > 0} is right-continuous submartingale. First is to consider
increasing process in continuous setting:

Definition 1.14. An adapted process A = {A;,t > 0} is called increasing if:
(a) Ao =0 a.s.
(b) ¢+ A; is non-decreasing and right-continuous for w-a.e.

(C) EAt<OO, thO

Remark 1.9. Note that for integrability condition is a little different from (c):
EA, =Elim A; < o0
t—o0
Besides increasing, other than predictable, we introduce natural:

Definition 1.15. An increasing process A = {A;,t > 0} is called natural if V
bounded, right continuous martingale, M = {M,,t > 0}, then ¥V ¢ > 0:

t t
E/ M, dA, = E/ M, _dA;
0 0

Remark 1.10. It is easy to see , if s — A, is a.s. continuous, then A is natural, since
My — M, # 0 only for jump points, for a.s. continuity, there are only finite of them.
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It seems wired to propose this definition, by thinking from discretised version:

A, € F,_1 <= predictable
Ay € F;_ <= "predictable”

Hence, we first check its discrete-time version:

Definition 1.16. An adapted and increasing sequence, A = {A4,,,n € N} is called
natural if V bounded martingale, M = {M,,,n € N}, then, Vn € N :

E(M,Ay) =E | > My (A — Ay)
k=1

Then we are eager to see the connection between natural and predictable:

Proposition 1.17. For in creasing sequence, A is predictable iff it is natural.

Proof. The proof is direct, mainly by dedicate algebra:

= To prove, it is natural, it is same to show for every martingale M:

n

E(MAy) =E | > My (A — Aor) | = ) [EMy_y Ay — EMy_y Ay

k=1 k=1
Now we could rearrange things to put minus term to left hand side:
> EMp o Apy + EMuA, =Y EM,_ Ay
k=1 k=1
Since Ag = 0 and M, A,, serves as final term of first summation, then:
> EMpAp =) EMy 1 Apy = Y E(My— My_y) Ay =0
k=1 k=1 k=1
From this equivalent statement, we plug in the predictability, if A, € F,_1:
EA, (M, — M,_1) = E[A,E(M, — M,_, | Fo_1)] =0
Then each term of the summation is zero, we completed this direction.
<= Assume A is natural, and V bounded martingale M, from abovem, then:
EA, (M, — M, 1)=0,Vn>1

Then goal is to show predictability, i.e. A, € F,_1, 0or A, = E(A,, | F,_1) a.s., now
since A is natural, then for every bounded M, we notice that:

EM, [A, —E(A, | Fno1)] = EAM,, 1 — E[M,E (A, | Fr_1)]

= EMn—l [An —E (An | Fn—l)] +E [E (An | ]:n—l) (Mn - Mn—l)]

— EMn—lAn - EE (AnMn—l | -Fn—l) —|—E E (An | -Fn—l) E (Mn - Mn—l | -Fn—l) — 0

J/ J/

-~

~
=0 =0
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Hence, by the arbitrarity, for each fixed n, we choose:
& =sgn (A, —E(A, | Fno1))

, and define our martingale as:

E&, | Fr) 0<k<n-—1
M, =
n k>n

, which is bounded, and martingle, from this well-designed martingale, we know:
0=EM,[A, —E(A, | F.o1)] =E|A, —E(A, | Fu1)|
, above gives us:

An =E (An | fnfl) a.s. — An € Fn_1

Hence, we completed the proof by showing both directions. O

Then next thing is to bridge the discrete one with continuous one:

n t t
E(M,A,) =E [Z My_y (A — Aj_y)| <= E /0 M,dA, =E /D M,_dA,
k=1

Hence, use the traditional discretisation method, by partition, IT = {to, t1,--- ,¢,} C [0, ]
with 0 =ty <t <ty <--- <t, =t and by setting ||II|| = maxy<x<p |tx — tp—1]:

t t
/ M,dA, = lim [ MIdA,
0 (It —0 Jq

, where by right continuous, we chose our discrete martingale to be:

Msn = Z Mtk]‘(tkfl’tk](s)
k=1

Then, by this setup, for each II, we could see:

t n n—1 n
E/ M;_[dAS — E [Z Mtk (Atk - Atk—l) — EMtnAtn + Z EMtkAtk - Z EMtkAtk—l
0 k=1 k=1 k=2
n—1 n—1
=EMA +> EM, A, — Y EM, A,
k=1 k=1
n—1
= EMA, — ) E A E(M,,, — M, | F,)| = EMA,
k=1 Vv

=0

Hence, we see the connection between discrete version and continuous one, next:
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Definition 1.17. Let S = { stopping times T" with T' < oo a.s. }, we say a right-
continuous X;,t > 0 is of class D if { X7, T € S} is u.i., furthermore, to fix a > 0,
let S, = { stopping times 7" with T'lea a.s. }, then {X;,t > 0} is of class DL if
{X7,T € S,} is u.i. for every a > 0.

Then Doobs and Meyer found membership of class DL is sufficient for decomposition:

Theorem 1.18. (Doob-Meyer Decomposition)
If {X;,t >0} is of class DL, and a submartingale, then it admits, ¥Vt > 0:

Xt:Mt+At

, with {M;,t > 0} is martingale, {As,t > 0} is increasing process. In particular, if
we resrtict {Ag,t > 0} to be natural, then such decomposition is unique.

Proof. Let us only consider the special cases, where we admit A is natural:
(1) For uniqueness, we assume it admits two different decomposition:

Xt:{Mf+At

M A — Bt::Mt_Mt’:A;_At
t t

, where {B;,t > 0} is martingale and of bounded variation , also natural, from the
definition and exercise before, ¥ bounded continuous martingale {&;,¢ > 0}:

t t mn
E&(A,— A)) =E / o (dA, —dA)) =E / &-dB, = lim EY & <Bt(_n> — By )
0 0 n—oo ]:1 Jj—1 J j—1

, where II,, = {té"), tg"), e ,tgfi} C [0, 1], for each term:

E€ ) (Btw - Btw) —E|&w E (Bt@ ~ B |ft<_n>) ~0
ti—1 J j—1 ti—1 J j—1 j—1 5

~

=0

, then by similar trick, we obtained:
EJA, — A =0 = A =Aas. Vi>0 = A, =A,as. VteQ"
Lastly, by right-continuity, we achieved A; = A} a.s. V¢ > 0.
(2) For existence, fix a > 0, it suffices to construct the decomposition on [0, a|, consider:
Yii= X, —E(X, | F) <0

Then {Y;,0 <t < a} is right-continuous submartingale.Consider dyadic partition:

For each n > 1, the discrete-time submartingale admits the Doob decomposition

— (n) (n) ; n
Y;;n)—Mty,)"‘A OSJSQ

(n) s
2
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where A" =0, and for 1 < j < 27,

j—1
(n) _
A = 3 (Y, ~ Y| 7 )

In particular, {Ai(nn))}ogjggn is predictable and increasing, notice:
i

Ya:Xa_E<Xa‘-Fa):O —> O:Ya:Méﬂ)_'_Agn)
Hence, we may rewrite this into:

M) = B | Fon) = —E(AQ | Fio) = Yy = A — (A7 | Fo)

We now claim that the family {Aé”)}nzl is u.i.(you may verifty). Hence, by the
Dunford-Pettis compactness criterion, there exist an integrable random variable A,

1
and a subsequence {4}~ such that AL L5 A, ie.

lim E(EAT™) = E(§A,)

for every bounded random variable £. To simplify notation, we relabel this subse-
quence again by {A((ln)}, now define

A=Y, +EA, | F), 0<t<a
where we choose its right-continuous modification. Likewise, for each n, define
A =YV, + EAW | F), 0<t<a

again with the right-continuous version. Then, for every t € II,,, this agrees with
the discrete compensator constructed above, let

T := Ql_[n

By the weak L' stability of conditional expectation, for every t € T and every
bounded random variable &, we have

lim E(¢A}") = E(¢4)

Now take s,t € T with 0 < s <t < a, and let £ be bounded and nonnegative. For
all large n, both s,t belong to II,,, hence

E[¢(A — A,)] = lim E[§(A” — A™)] >0

n—o0
because {A{"},crr, is increasing. Choosing & = 1¢4,>4,}, we obtain

A, < A as.
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Since T is countable and by right-continuity, it is then nondecreasing on the whole
interval [0, a]. Therefore, {A4;,0 <t < a} is an increasing process. Next:

K:At_E(Aalf-t):Xt_E(Xa|E) — Xt:At+E<Xa_Aa|‘E)
Define M, := E(X, — A, | F1), then it is a right-continuous martingale, and

Xt:Mt_l_At

It remains to show that A is natural. Let {&,0 < ¢ < a} be any bounded right-

continuous martingale. For each n, since {AEZB)}OSJSQ” is predictable on II,,:
i

E(¢,AL") = E [Zm (A% - A0 )] —E [Zm (Y0 = Yyo)
[me < i t““l)

Letting n — oo, the left-hand side converges to E(£,A,) by weak convergence:

E(6,4) = E [ Cedd, = E / "6 da,

, so A is natural. Hence, on [0, a], we have constructed

X = M; + Ay, 0<t<a,
, with M a right-continuous martingale, and A a natural increasing process.

Then we completed this long proof. O
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3 Brownian Motion & PDE
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4 Stochastic Differential Equations
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